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ABSTRACT
Incorporating the radiation reaction force into two-fluid plasma in curved space, we get a set of one-fluid
general relativistic magnetohydrodynamics (GRMHD) equations with the Landau-Lifshitz radiation reaction
force. We analyze the importance of the radiation reaction acting on plasma around an astrophysical compact
object.
Keywords: accretion, accretion disks — acceleration of particles — magnetohydrodynamics (MHD)
1. INTRODUCTION
A charged particle moving in the electromagnetic field can feel Landau-Lifshitz radiation reaction force due to synchrotron
radiation, thus modifying the motion of the charged particle significantly when taking into account the radiation reaction force.
Recent observations have demonstrated that there is strong evidence that a magnetic field of several hundred gauss exists in
the vicinity of the supermassive black hole at the center of the Milky Way (Eatough et al. 2013). A dynamo mechanism from
an accretion disk around a black hole accounts for the appearance of such a magnetic field (Punsly 2001; Hawley et al. 1996;
Brandenburg et al. 1995). There is also clear evidence that the magnetic field on the surface of the neutron star can be up
to 1014 G (Duncan & Thompson 1992; Usov 1992; Paczyn´ski 1992; Thompson & Duncan 1995, 1996; Vasisht & Gotthelf
1997). The Landau-Lifshitz radiation reaction has been investigated in detail in Landau & Lifshitz (1975) in flat space, while,
in curved space, the radiation reaction is described in Sokolov et al. (1978), Sokolov et al. (1983), DeWitt & Brehme (1960)
and Tursunov et al. (2018). Thus, the radiation reaction force can affect the charged particles from the accretion disk around
the black hole and the neutron star significantly. Radiation reactions have been an important element of pair creation scenarios
in positron-electron plasma just above the pole of the event horizon (Hirotani & Pu 2016). Curvature radiation in black hole
magnetopshere pair creation schemes is radiation resistance limited (Broderick & Tchekhovskoy 2015). Recently, a radiation
reaction has also been applied to protonic acceleration in the vortex above the pole of the black hole (Ruffini et al. 2018).
Radiation reactions are of fundamental importance in the evacuated vortex of black hole magnetospheres (Punsly 2001). In
particular, if the field line angular velocity is set much less than the horizon angular velocity by distant plasma and a very tenuous
plasma exists in the event horizon magnetosphere then radiation resistance will determine the flow dynamics of accretion as well
as the rotational energy extraction by a putative jet (Punsly 2001, 1991). The dynamics mentioned above cannot be revealed by
MHD simulations with mass floors. The ad hoc injection of mass will damp any large waves that can break ideal MHD and
prevent the associated large local electromagnetic forces from being achieved. Therefore, all existing numerical simulations of
the black hole magnetosphere bypass the radiation reaction dominated dynamics as a consequence of numerical dissipation of
waves and numerical diffusion in the MHD system in the evacuated vortex above the event horizon. Thus, a proper treatment
of radiation reaction is critical for assessing the time evolution of these types of astrophysical systems. Numerical simulations
using general relativistic magnetohydrodynamics (GRMHDs) are applied to investigate the physical process in accretion disks
around neutron stars, as well as in microquasars (µQSOs), gamma-ray bursts and active galactic nuclei. In curved spacetime, the
dynamical evolution of the high energy disks made of ion-electron plasma in simulated GRMHD is usually performed without
the contribution from Landau-Lifshitz radiation reaction force which may play a crucial role. The method of particle-in-cell
(Philippov & Spitkovsky 2014; Chen & Beloborodov 2014; Philippov et al. 2015b; Cerutti et al. 2015; Belyaev 2015; Cerutti et
al. 2016) containing the radiation reaction forces has been investigated in flat space, while, in curved space, the same method
with a radiation reaction has been achieved in Philippov et al. (2015a). Incorporating the radiation reaction into the relativistic
magnetohydrodynamic equations governing the dynamics of plasma has been studied by Tam & Kiang (1979), Berezhiani et al.
(2004) and Berezhiani et al. (2008). In a recent study, Liu et al. (2018) achieved the one-fluid relativistic magnetohydrodynamics
description of two-fluid plasma in which the Landau-Lifshitz radiation reaction is incorporated. However, numerical simulation
with the radiation reaction from Liu et al. (2018) is not practical due to its highly nonlinear form at present, we expect that
analytical investigations are essential and provide more motivation for future work. Thus, in this work, similar to Liu et al.
(2018), we get the GRMHD equation for the one-fluid description of two-fluid plasma containing a Landau-Lifshitz radiation
reaction in curved space, and these results could be applied to both positron-electron and proton-electron plasma.
2. EQUATIONS DERIVED
In this section, we derive the one-fluid GRMHD including the Landau-Lifshitz radiation reaction force based on general
relativistic two-fluid plasma in curved space. The two-fluid plasma is composed of positively charged particles with mass m+,
electric charge e and negatively charged particles with massm−, electric charge−e. The spacetime is (t, x1, x2, x3) where a line
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element is ds2 = gµνdxµdxν characterized by metric gµν . We set c = 1, 0 = 1, and µ0 = 1 which represent the speed of light,
the dielectric constant, and the magnetic permeability in vacuum set to be unity.
Before deriving the one-fluid GRMHD equations based two-fluid plasma with the radiation reaction, we first define the average
and difference variables which are the same as those of Koide (2010). We list the variables as follows
ρ=m+n+γ
′
+ +m−n−γ
′
− (1)
n=
ρ
m
(2)
p=p+ + p− (3)
∆p=p+ − p− (4)
Uµ=
1
ρ
(m+n+u
µ
+ +m−n−u
µ
−) (5)
Jµ= e(n+u
µ
+ − n−uµ−) (6)
where the variables with subscripts, plus and minus, are those of the fluid of particles with positive charge and of the fluid of
particles with negative charge, respectively, n± is the proper particle number density, p± is the proper pressure, γ′± is the Lorentz
factor of the positively charged and negatively charged fluid observed by the plasma’s local center-of mass frame,m = m++m−,
uµ± is the four-velocity, and ρ, n, p, U
µ and Jµ are density, proper particle number density, proper pressure, four-velocity, four-
current density in one-fluid frame, respectively.
The generalized GRMHD equations based on the two-fluid plasma with the Maxwell equations are given as follows (Koide
2010)
∇ν(ρUν) = 0, (7)
∇ν
[
h
(
UµUν +
µ
(ne)2
JµJν
)]
=−∇µp+ JνFµν , (8)
1
ne
∇ν
[
µh
ne
{
UµJν + JµUν − ∆µ
ne
JµJν
}]
=
1
2ne
∇µ(∆µp−∆p) +
(
Uν − ∆µ
ne
Jν
)
Fµν − η[Jµ − ρ′e(1 + Θ)Uµ] (9)
∇ν ∗Fµν = 0 (10)
∇νFµν =Jµ (11)
where µ = m+m−/m2, ∆µ = (m+ −m−)/m, q = ne, Q = UνJν , Fµν is the electromagnetic field tensor, ∗Fµν is the dual
tensor density of Fµν , µ, ν = 0, 1, 2, 3 and Θ is the thermal energy exchange rate from the negatively charged fluid to the positive
fluid (see Appendix A of Koide (2009) for details).
In Minkowski spacetime, the dynamical equation of a charged particle with mass m and electric charge e when accounting for
Landau-Lifshitz radiation reaction is
m
duµ
ds
= eFµνuν + g
µ (12)
where uµ is the four-velocity and µ = 0, 1, 2, 3
The radiation reaction force in the Lorentz-Abraham-Dirac form is
gµ =
2e2
3
[
d2uµ
ds2
− uµuν d
2uν
ds2
]
(13)
When assuming that gµ is small compared with Lorentz force in the instantaneous rest frame of the charged particle (Landau
& Lifshitz 1975), we could express equation (13) as follows
gµ=
2e3
3m
{
∂Fµν
∂xλ
uνuλ − e
m
[
FµλFνλu
ν − (Fνλuλ) (F νκuκ)uµ]} (14)
where the first term, called Frenkel force (Walser & Keitel 2001), is negligible compared to other terms (Cerutti et al. 2016;
Tamburini et al. 2010). Then equation (12) becomes
m
duµ
ds
= eFµνuν − 2e
4
3m2
[
FµλFνλu
ν − (Fνλuλ) (F νκuκ)uµ] (15)
The above derived radiation reaction force acting on a charged particle is in Minkowski spacetime. When changing to curved
spacetime, we next derive the detailed form of the radiation reaction felt by a charged particle. Without the radiation reaction, the
dynamical equation of a charged particle with mass m and electric charge q is
Duµ
dτ
=
q
m
Fµνuν (16)
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The dynamical motion of a charged particle undergoing radiation reaction force in curved space is (DeWitt & Brehme 1960;
Hobbs 1968; Tursunov et al. 2018)
Duµ
dτ
=
q
m
Fµνuν +
2q2
3m
(
D2uµ
dτ2
− uµuνD
2uν
dτ2
)
+
q2
3m
(
Rµλu
λ +Rνλu
νuλuµ
)
+
2q2
m
fµνtail uν , (17)
where
fµνtail =
∫ τ−0+
−∞
D[µG
ν]
+λ′
(
z(τ), z(τ ′)
)
uλ
′
dτ ′ (18)
is the tail integral.
The term with Ricci tensor vanishes in the metric, being not included in the derivation (Tursunov et al. 2018). The tail term is
the integral of the past world line of the particle, which can be neglected as we show in the following. For a charged particle with
mass m and electric charge q, the tail term ∼ GMq2/(r3c2) while the Newton gravitational force ∼ GMm/r2, then we get the
ratio of the tail term to the Newton gravitational force near a black hole’s horizon (r ∼ 2GM/c2) as (Tursunov et al. 2018)
Ftail
FN
∼ q
2
mMG
∼ 10−19
(q
e
)2 (me
m
)(10M
M
)
, (19)
where me and e are the mass and the charge of an electron
The ratio is eight orders lower when taking supermassive black hole with mass M ∼ 109M (Tursunov et al. 2018). The
second term from the right-hand side of equation (17) ∼ q4B2/(m2c4) when velocity is comparable to the speed of light, then
the ratio of this term to Newton gravitational force is (Tursunov et al. 2018)
FRR
FN
∼ q
4B2MG
m3c8
∼ 103
(q
e
)4 (me
m
)3( B
108G
)2(
M
10M
)
. (20)
Considering the supermassive black hole with mass M ∼ 109M and magnetic field B ∼ 104G, the ratio leads to the same
order of magnitude (Tursunov et al. 2018), meaning that the second term can be comparable to the gravitational force.
With the negligence of the third and the last terms on the right-hand side of equation (17), the equation reduces to
Duµ
dτ
=
q
m
Fµνuν +
2q2
3m
(
D2uµ
dτ2
− uµuνD
2uν
dτ2
)
(21)
Similar to the method in the special relativistic case, we take the covariant derivative with respect to the proper time from both
sides of equation (16) and get
D2uα
dτ2
=
q
m
DFαβ
dxµ
uβuµ +
q2
m2
FαβFβµu
µ, (22)
Then we get the radiation reaction force by substituting equation (22) into (21)
Duµ
dτ
=
q
m
Fµνuν +
2q2
3m
(
q
m
DFαβ
dxµ
uβu
µ − q
2
m2
(
FµαFαβu
β − FσαuαFσνuνuµ
))
, (23)
where
DFαβ
dxµ
=
∂Fαβ
∂xµ
+ ΓαλµF
λβ + ΓβλµF
αλ (24)
As in Liu et al. (2018),
DFαβ
dxµ u
βuµ is negligible compared to other terms. Then equation (23) changes to
m
Duµ
dτ
= qFµνuν − 2q
4
3m2
(
FµαFαβu
β − FσαuαFσνuνuµ
)
, (25)
When inserting the radiation reaction into generalized GRMHD, we need to get the total radiation reaction force on the two
species of the two-fluid plasma in curved space. Using a similar method to that in Liu et al. (2018), we should get uµ± and n±.
Before doing this, we first show the metric gµν (Koide 2010)
g00 = −h20, gii = h2i , gi0 = g0i = −h2iωi, (26)
where we assume that off-diagonal spatial elements vanish.
Then we get
ds2 = gµνdx
µdxν = −h20dt2 +
3∑
i=1
[
h2i (dx
i)2 − 2h2iωidtdxi
]
. (27)
When defining
α =
[
h20 +
3∑
i=1
(hiωi)
2
]1/2
, βi =
hiωi
α
, (28)
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as a lapse function and shift vector, respectively, we get the line element as
ds2 = −α2dt2 +
3∑
i=1
(hidx
i − αβidt)2. (29)
The determinant of the matrix gµν is g ≡ −(αh1h2h3)2 and the the contravariant metric is given as
g00 = − 1
α2
, gi0 = g0i = − ωi
α2
= − β
i
αhi
, gij =
1
hihj
(δij − βiβj), (30)
where δij is the Kronecker symbol.
When introducing a locally nonrotating frame, the zero-angular-momentum-observer (ZAMO) frame, it is convenient to write
(27) as
ds2 = −dtˆ2 +
∑
i
(dxˆi)2 = ηµνdxˆ
µdxˆν , (31)
where
dtˆ = αdt, (32)
dxˆi = hidx
i − αβidt. (33)
Thus the spacetime is similar to Minkowski spacetime locally in the ZAMO frame. For contravariant vectoraµ in the Boyer-
CLindquist coordinates, the contravariant vector aˆµ, which is in the ZAMO frame, is
aˆ0 = αa0, aˆi = hia
i − αβia0. (34)
Then the covariant vector aˆµ is
aˆ0 =
1
α
a0 +
∑
i
βi
hi
ai, aˆi =
1
hi
ai. (35)
Based on the above, we get
γ= Uˆ0 = αU0, (36)
vˆi≡ Uˆ
i
Uˆ0
=
hi
γ
U i − αβiU
0
γ
(37)
and we note that
γ =
1√
1−∑3i=1(vˆi)2 (38)
With respect to the two-fluid plasma, the Lorentz factor for the positively charged and negatively charged component are
γ± =
1√
1−∑3i=1(vˆ±i)2 (39)
From equation (5) and (6), we get
n±u
µ
± =
1
m
(
ρUµ ± m∓
e
Jµ
)
(40)
Then we could get uµ± and n± as follows with equation (40) and (39)
n±=
√
[α
(
ρU0 ± m∓e J0
)
]2 −∑3n=1[hn (ρUn ± m∓e Jn)− αβn(ρU0 ± m∓e J0)]2
m
(41)
uµ±=
(
ρUµ ± m∓e Jµ
)√
[α
(
ρU0 ± m∓e J0
)
]2 −∑3n=1[hn (ρUn ± m∓e Jn)− αβn(ρU0 ± m∓e J0)]2 (42)
Then the radiation reaction force of the two species in the fluid element is
FµLL± = −
2n±e4
3m2±
[
FµλFνλu
ν
± −
(
Fνλu
λ
±
)
(F νκu±κ)u
µ
±
]
(43)
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Inserting the fluid element’s radiation reaction equation (43) into momentum density equation (8), we get the momentum
density equation with the radiation reaction as
∇ν
[
h
(
UµUν +
µ
(ne)2
JµJν
)]
=−∇µp+ JνFµν
− 2n+e
4
3m2+
[
FµλFνλu
ν
+ −
(
Fνλu
λ
+
)
(F νκu+κ)u
µ
+
]
− 2n−e
4
3m2−
[
FµλFνλu
ν
− −
(
Fνλu
λ
−
)
(F νκu−κ)u
µ
−
]
(44)
Then equation (7)-(11) can be changed to
∇ν(ρUν) = 0, (45)
∇ν
[
h
(
UµUν +
µ
(ne)2
JµJν
)]
=−∇µp+ JνFµν
− 2n+e
4
3m2+
[
FµλFνλu
ν
+ −
(
Fνλu
λ
+
)
(F νκu+κ)u
µ
+
]
− 2n−e
4
3m2−
[
FµλFνλu
ν
− −
(
Fνλu
λ
−
)
(F νκu−κ)u
µ
−
]
(46)
1
ne
∇ν
[
µh
ne
{
UµJν + JµUν − ∆µ
ne
JµJν
}]
=
1
2ne
∇µ(∆µp−∆p) +
(
Uν − ∆µ
ne
Jν
)
Fµν − η[Jµ − ρ′e(1 + Θ)Uµ](47)
∇ν ∗Fµν = 0 (48)
∇νFµν =Jµ (49)
For a convenient form, equations (45)-(49) can be written as
1√−g
∂
∂xν
(√−gρUν)= 0, (50)
1√−g
∂
∂xν
(√−gTµν)+ ΓµσνTσν =−2n+e43m2+ [FµλFνλuν+ − (Fνλuλ+) (F νκu+κ)uµ+]
− 2n−e
4
3m2−
[
FµλFνλu
ν
− −
(
Fνλu
λ
−
)
(F νκu−κ)u
µ
−
]
, (51)
1
ne
∇νKµν = 1
2ne
∇µ(∆µp−∆p) +
(
Uν − ∆µ
ne
Jν
)
Fµν − η[Jµ − ρ′e(1 + Θ)Uµ]. (52)
∂µFνλ + ∂νFλµ + ∂λFµν = 0, (53)
1√−g
∂
∂xν
(√−gFµν)=−Jν , (54)
where
Kµν ≡ µh
‡
ne
(
UµJν + JµUν − ∆h
]
neh‡
JµJν
)
+
∆h
2
UµUν , (55)
In the ZAMO frame, we could get the the following set of equations based on equation (50)-(54) combined with radiation
reaction force (Koide 2010)
∂γρ
∂t
= − 1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
γρ(vˆj + βj)
]
, (56)
∂Pˆ i
∂t
=− 1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
(Tˆ ij + βjPˆ i)
]
− (+ γρ) 1
hi
∂α
∂xi
+
∑
j
α
[
Gij Tˆ
ij −GjiTˆ jj + βj(GijPˆ i −GjiPˆ j)
]
−
∑
j
σjiPˆ
j + α ˆF iLL, (57)
∂
∂t
=− 1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
(Pˆ j − γρvˆj + βj)
]
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−
∑
j
Pˆ j
1
hj
∂α
∂xj
−
∑
j,k
αβj(GjkTˆ
jk −Gkj Tˆ kk)−
∑
j,k
σkj Tˆ
jk + α ˆF 0LL, (58)
1
ne
∂
∂t
(
µh‡
ne
Jˆ†i
)
= − 1
ne
 1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
(Kˆij + βj
µh‡
ne
Jˆ†i)
]
+
2µh‡
ne
1
hi
∂α
∂xi
ρˆ†e −
∑
j
α
{
GijKˆ
ij −GjiKˆjj + βj µh
‡
ne
(
Gij Jˆ
†i −GjiJˆ†j
)}
+
∑
j
µh‡
ne
σjiJˆ
†j

+α
[
1
2ne
1
hi
∂
∂xi
(∆µp−∆p) +
(
Uˆν − ∆µ
ne
Jˆν
)
Fˆiν − η[Jˆ i − ρ′e(1 + Θ)Uˆ i] +
m−Fˆ iLL+ −m+Fˆ iLL−
ρe
]
, (59)
2
ne
∂
∂t
[
µh‡
ne
ρˆ†e +
1
4
(∆µp−∆p)
]
= − 1
ne
 1
h1h2h3
∑
j
∂
∂xj
[
αh1h2h3
hj
µh‡
ne
(Jˆ†j + 2βj ρˆ†e)
]
+
∑
j
µh‡
ne
1
hj
∂α
∂xj
Jˆ†j +
∑
jk
αβk
(
GkjKˆ
kj −GjkKˆjj
)
+
∑
kj
σkjKˆ
kj

+α
− 1
2ne
∑
j
βj
hj
∂
∂xj
(∆µp−∆p) +
(
Uˆν − ∆µ
ne
Jˆν
)
Fˆν0 − η[ρˆe − ρ′e(1 + Θ)γˆ] +
m−Fˆ 0LL+ −m+Fˆ 0LL−
ρe
 , (60)
∂Bˆi
∂t
=
−hi
h1h2h3
∑
j,k
ijk
∂
∂xj
αhk
Eˆk −∑
l,m
klmβlBˆm
 , (61)
∑
j
1
h1h2h3
∂
∂xj
(
h1h2h3
hj
Bˆj
)
= 0, (62)
ρˆe =
∑
j
1
h1h2h3
∂
∂xj
(
h1h2h3
hj
Eˆj
)
, (63)
α
(
Jˆ i + ρˆeβ
i
)
+
∂Eˆi
∂t
=
∑
j,k
hi
h1h2h3
ijk
∂
∂xj
αhk
Bˆk +∑
l,m
klmβ
lEˆk
 , (64)
where
Gij =− 1
hihj
∂hi
∂xj
(65)
σij =
1
hj
∂
∂xj
(αβi) (66)
Pˆ i=h
[
hγ2vˆi +
∆h
2neh
(Uˆ iρˆe + Jˆ
iγˆ) +
µh‡
(ne)2h
Jˆ iρˆe
]
+ (Eˆ× Bˆ)i, (67)
=h
[
γˆ2 +
∆h
neh
γˆρˆe +
µh‡
(ne)2h
ρˆ2e
]
− p− ργˆ + Bˆ
2
2
+
Eˆ2
2
, (68)
Tˆ ij =pδij + h
[
γ2vˆivˆj +
∆h
2neh
(Uˆ iJˆj + Jˆ iUˆ j) +
µh‡
(ne)2h
Jˆ iJˆj
]
+
(
Bˆ2
2
+
Eˆ2
2
)
δij − BˆiBˆj − EˆiEˆj (69)
Fˆ 0LL−=
2e4
3m2−
(
ργ − m+e ρˆe
)
m
Eˆ · (Eˆ+ (ργvˆ −
m+
e Jˆ
ργ − m+e ρˆe
)× Bˆ)
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− 2e
4
3m2−
(
1− (ργvˆ −
m+
e Jˆ
ργ − m+e ρˆe
)2
) (ργ − m+e ρˆe)
m

(
Eˆ+ (
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
)× Bˆ
)2
−
(
(
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
) · Eˆ
)2 (70)
Fˆ 0LL+ =
2e4
3m2+
(
ργ + m−e ρˆe
)
m
Eˆ · (Eˆ+ (ργvˆ +
m−
e Jˆ
ργ + m−e ρˆe
)× Bˆ)
− 2e
4
3m2+
(
1− (ργvˆ +
m−
e Jˆ
ργ + m−e ρˆe
)2
) (ργ + m−e ρˆe)
m

(
Eˆ+ (
ργvˆ + m−e Jˆ
ργ + m−e ρˆe
)× Bˆ
)2
−
(
(
ργvˆ + m−e Jˆ
ργ + m−e ρˆe
) · Eˆ
)2 (71)
Fˆ iLL−=
2e4
3m2−
(
ργ − m+e ρˆe
)
m
{
Eˆ× Bˆ+
(
Bˆ×
(
Bˆ× (ργvˆ −
m+
e Jˆ
ργ − m+e ρˆe
)
))
+ Eˆ
(
(
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
) · Eˆ
)}
i
− 2e
4
3m2−
(
1− (ργvˆ −
m+
e Jˆ
ργ − m+e ρˆe
)2
)
(
ργvˆ − m+e Jˆ
)
i
m

(
Eˆ+ (
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
)× Bˆ
)2
−
(
(
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
) · Eˆ
)2 (72)
Fˆ iLL+ =
2e4
3m2+
(
ργ + m−e ρˆe
)
m
{
Eˆ× Bˆ+
(
Bˆ×
(
Bˆ× (ργvˆ +
m−
e Jˆ
ργ + m−e ρˆe
)
))
+ Eˆ
(
(
ργvˆ + m−e Jˆ
ργ + m−e ρˆe
) · Eˆ
)}
i
− 2e
4
3m2+
(
1− (ργvˆ +
m−
e Jˆ
ργ + m−e ρˆe
)2
)
(
ργvˆ + m−e Jˆ
)
i
m

(
Eˆ+ (
ργvˆ + m−e Jˆ
ργ + m−e ρˆe
)× Bˆ
)2
−
(
(
ργvˆ + m−e Jˆ
ργ + m−e ρˆe
) · Eˆ
)2 (73)
Fˆ 0LL=
2e4
3m2−
(
ργ − m+e ρˆe
)
m
Eˆ · (Eˆ+ (ργvˆ −
m+
e Jˆ
ργ − m+e ρˆe
)× Bˆ)
− 2e
4
3m2−
(
1− (ργvˆ −
m+
e Jˆ
ργ − m+e ρˆe
)2
) (ργ − m+e ρˆe)
m

(
Eˆ+ (
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
)× Bˆ
)2
−
(
(
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
) · Eˆ
)2
+
2e4
3m2+
(
ργ + m−e ρˆe
)
m
Eˆ · (Eˆ+ (ργvˆ +
m−
e Jˆ
ργ + m−e ρˆe
)× Bˆ)
− 2e
4
3m2+
(
1− (ργvˆ +
m−
e Jˆ
ργ + m−e ρˆe
)2
) (ργ + m−e ρˆe)
m

(
Eˆ+ (
ργvˆ + m−e Jˆ
ργ + m−e ρˆe
)× Bˆ
)2
−
(
(
ργvˆ + m−e Jˆ
ργ + m−e ρˆe
) · Eˆ
)2 (74)
Fˆ iLL=
2e4
3m2−
(
ργ − m+e ρˆe
)
m
{
Eˆ× Bˆ+
(
Bˆ×
(
Bˆ× (ργvˆ −
m+
e Jˆ
ργ − m+e ρˆe
)
))
+ Eˆ
(
(
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
) · Eˆ
)}
i
− 2e
4
3m2−
(
1− (ργvˆ −
m+
e Jˆ
ργ − m+e ρˆe
)2
)
(
ργvˆ − m+e Jˆ
)
i
m

(
Eˆ+ (
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
)× Bˆ
)2
−
(
(
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
) · Eˆ
)2
+
2e4
3m2+
(
ργ + m−e ρˆe
)
m
{
Eˆ× Bˆ+
(
Bˆ×
(
Bˆ× (ργvˆ +
m−
e Jˆ
ργ + m−e ρˆe
)
))
+ Eˆ
(
(
ργvˆ + m−e Jˆ
ργ + m−e ρˆe
) · Eˆ
)}
i
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− 2e
4
3m2+
(
1− (ργvˆ +
m−
e Jˆ
ργ + m−e ρˆe
)2
)
(
ργvˆ + m−e Jˆ
)
i
m

(
Eˆ+ (
ργvˆ + m−e Jˆ
ργ + m−e ρˆe
)× Bˆ
)2
−
(
(
ργvˆ + m−e Jˆ
ργ + m−e ρˆe
) · Eˆ
)2 (75)
Equation (74) to (75) could be changed to the following with m = m+ +m−, µ = m+m−/m2, ∆µ = (m+ −m−)/m
Fˆ 0LL=
2e4
3m3µ2
Eˆ · [ργ(Eˆ+ vˆ × Bˆ)(1− 2µ)− ρˆeEˆ+ Jˆ× Bˆ
e
(∆µm(1− µ))]
− 2e
4
3m3µ2
{(a1b1 + a2b2m4µ2 − a3b3m2µ)[ργ(1− 2µ)− ρˆe
e
(∆µm(1− µ))]
+ (a3b2m
2µ− a1b3)[ργ(∆µm(1− µ))− ρˆe
e
((m− 2mµ)2 − 2m2µ2)]
+ (a3b1µ− a2b3m2µ2)[ργ∆µm− ρˆe
e
(m2 − 2m2µ)]
+a1b2[ργ((m− 2mµ)2 − 2m2µ2)− ρˆe
e
(m∆µ((m− 2mµ)2 − 2m2µ2 + µ(m2 − 2m2µ) +m2µ2))]
+a2b1m
2µ2[2ργ − ρˆe
e
m∆µ]}/[a21 + a1a2(m2 − 2m2µ)− a1a3m∆µ+ a2a3m3µ∆µ+ a22m4µ2 − a23m2µ] (76)
Fˆ iLL=
2e4
3m
{ (1− 2µ)ργ
m2µ2
[Eˆ× Bˆ+ Bˆ× (Bˆ× vˆ) + (vˆ · Eˆ)Eˆ]− ∆µ(1− µ)
mµ2e
[ρˆe(Eˆ× Bˆ) + Bˆ× (Bˆ× Jˆ) + (Jˆ · Eˆ)Eˆ]}i
− 2e
4
3m3µ2
{(a1b1 + a2b2m4µ2 − a3b3m2µ)[ργvˆ(1− 2µ)− Jˆ
e
(∆µm(1− µ))]i
+ (a3b2m
2µ− a1b3)[ργvˆ(∆µm(1− µ))− Jˆ
e
((m− 2mµ)2 − 2m2µ2)]i
+ (a3b1µ− a2b3m2µ2)[ργvˆ∆µm− Jˆ
e
(m2 − 2m2µ)]i
+a1b2[ργvˆ((m− 2mµ)2 − 2m2µ2)− Jˆ
e
(m∆µ((m− 2mµ)2 − 2m2µ2 + µ(m2 − 2m2µ) +m2µ2))]i
+a2b1m
2µ2[2ργvˆ − Jˆ
e
m∆µ]}/[a21 + a1a2(m2 − 2m2µ)− a1a3m∆µ+ a2a3m3µ∆µ+ a22m4µ2 − a23m2µ]i (77)
where
a1 =ρ
2γ2 − ρ2γ2vˆ2
a2 =
ρˆ2e − Jˆ2
e2
a3 =
2ργρˆe − 2ργvˆ · Jˆ
e
b1 =ρ
2γ2(Eˆ+ vˆ × Bˆ)2 − ρ2γ2(vˆ · Eˆ)2
b2 =
(ρˆeEˆ+ Jˆ× Bˆ)2 − (Jˆ · Eˆ)2
e2
b3 =
2ργ(Eˆ+ vˆ × Bˆ) · (ρˆeEˆ+ Jˆ× Bˆ)− 2ργ(vˆ · Eˆ)(Jˆ · Eˆ)
e
We find that formulas (67)-(77) measured in the ZAMO frame are similar to that of special relativistic case.
3. A SIMPLE APPLICATION TO RECONNECTION AROUND THE ROTATING BLACK HOLE
Next we analyze magnetic reconnection near black hole with Landau-Lifshitz radiation reaction force shown in Figure. 1. We
consider the spacetime to be a Kerr metric represented by (t, x1, x2, x3) = (t, r, θ, φ) and
h0 = (1− 2rgr/Σ)1/2 , h1 = (Σ/∆)1/2 ,
h2 = Σ
1/2 , h3 = (A/Σ)
1/2 sin θ , (78)
ω1 = ω2 = 0 , ω3 = 2r
2
gar/Σ .
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Figure 1. Left panel is the diagram of a reconnection layer in the azimuthal direction and the rotation of the black hole is clockwise. Right panel is a diagram of
a reconnection layer in the radial direction.
where
Σ = r2 + (arg)
2
cos2θ (79)
∆ = r2 − 2rgr + (arg)2 (80)
A =
[
r2 + (arg)
2]2 −∆(arg)2sin2θ (81)
Then we get α = (∆Σ/A)1/2, βφ = h3ω3/α, βr = 0 and βθ = 0
When we assume the plasma is proton-electron fluid, then equation (44) reduces to
∇ν [h (UµUν)] =−∇µp+ JνFµν
− 2n−e
4
3m2−
[
FµλFνλu
ν
− −
(
Fνλu
λ
−
)
(F νκu−κ)u
µ
−
]
(82)
where we neglect the radiation reaction force acting on the proton due to its large mass
Equation (82) could be changed to the following form in the ZAMO frame in the azimuthal direction along the neutral line
(Asenjo & Comisso 2017)
1
αh1h2
∂
∂φ
[
αh1h2hγ
2vˆφ
(
vˆφ + βφ
)]
= −h3JˆθBˆr − ∂p
∂φ
+ h3
ˆ
FφLL (83)
In the radial direction along the neutral line, equation (82) could be reduced to (Asenjo & Comisso 2017)
∂
∂r
[
αh2h3hγ
2(vˆr)2
]
+ h2h3
∂α
∂r
hγ2 = −αh2h3
(
∂p
∂r
+ h1Jˆ
φBˆθ − h1 ˆF rLL
)
. (84)
According to the result in Asenjo & Comisso (2017), we get Jˆθ and Bˆr at the outflow point represented by ”o” in Figure. 1.
Then the ratio of radiation reaction force to Lorentz force is 23nr
2
eηc (the detailed derivation for the reconnection layer in the
azimuthal direction can be found in Section 3.1 and the reconnection layer in the radial direction could be achieved in the same
way). When we set η = 10−2, the value of 23nr
2
eηc is ∼ 10−18n. If we set the density of the plasma to be ρ = 10−6g/cm3, the
number density is 1018. Then we note that the radiation reaction force is comparable to Lorentz force and this is the maximum
Lorentz force allowed in the physical system in this situation. With the same approximation and calculation used in Asenjo &
Comisso (2017), we find that the reconnection rate in the azimuthal direction with the radiation reaction can be larger than that
without the radiation reaction according to equation (83) from above and equation (9) in Asenjo & Comisso (2017). The outflow
during the process of magnetic reconnection is mainly along the neutral line. The results from the radial direction can be achieved
using the same method and is similar to the above.
3.1. Derivation for the reconnection layer in the azimuthal direction
The Landau-Lifshitz radiation reaction force from the right side of equation (75) acting on the proton-electron fluid element is
(the radiation reaction force acting on the proton is neglected due to mp  me. Here, we conduct the derivation without setting
c = 1)
FˆLL=
2e4
3m2−c4
(
ργ − m+e ρˆe
)
m
{
Eˆ× Bˆ+ 1
c
(
Bˆ×
(
Bˆ× (ργvˆ −
m+
e Jˆ
ργ − m+e ρˆe
)
))
+
1
c
Eˆ
(
(
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
) · Eˆ
)}
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− 2e
4
3m2−c5
(
1− 1
c2
(
ργv − m+e Jˆ
ργ − m+e ρˆe
)2
)
(
ργvˆ − m+e Jˆ
)
m

(
Eˆ+ (
1
c
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
)× Bˆ
)2
− 1
c2
(
(
ργvˆ − m+e Jˆ
ργ − m+e ρˆe
) · Eˆ
)2
When we assume the plasma is neutral, ρˆe = 0, then the above equation changes to
FˆLL=
2e4
3m2−c4
ργ
m
{
Eˆ× Bˆ+ 1
c
(
Bˆ×
(
Bˆ× ργvˆ −
m+
e Jˆ
ργ
))
+
1
c
Eˆ
(
ργvˆ − m+e Jˆ
ργ
· Eˆ
)}
− 2e
4
3m2−c5
(
1− 1
c2
(
ργvˆ − m+e Jˆ
ργ
)2
)
(
ργvˆ − m+e Jˆ
)
m

(
Eˆ+
1
c
ργvˆ − m+e Jˆ
ργ
× Bˆ
)2
− 1
c2
(
ργvˆ − m+e Jˆ
ργ
· Eˆ
)2
In resistive relativistic magnetohydrodynamics, we assume Eˆ = ηJˆ − 1c vˆ × Bˆ for simplicity. According to the assumption
in Asenjo & Comisso (2017), vˆr vanishes, Bˆφ = 0, and Jˆφ ≈ 0 ≈ Jˆr at the neutral line and vˆθ ≈ 0, Bˆθ ≈ 0 and ∂θ ≈ 0
everywhere. The result shows that the outflow velocity is mildly relativistic meaning γ ≈ 1. For convenience of the following
derivation, we set vˆφ ≈ c. Substituting these into the above equation, we get the following in the φ direction
FˆφLL=−
2
3
nr2eηJˆ
θBˆr − 2
3
nr2e [(ηJˆ
θ)2 + (
JˆθBˆr
cne
)2 − ( Jˆ
θ(ηJˆθ − vˆφc Bˆr)
cne
)2]
=−2
3
nr2eηJˆ
θBˆr − 2
3
nr2e [(ηJˆ
θ)2 +
[JˆθBˆr + Jˆ
θ(ηJˆθ − vˆφc Bˆr)][JˆθBˆr − Jˆθ(ηJˆθ − vˆφc Bˆr)]
(cne)2
]
=−2
3
nr2eηJˆ
θBˆr − 2
3
nr2e [(ηJˆ
θ)2 +
ηJˆθ2(2JˆθBˆr − ηJˆθ2)
(cne)2
]
Then the ratio of radiation reaction force to the Lorentz force is
FˆφLL
FˆφL
=
2
3
nr2eηc+
2
3
nr2eηc
ηJˆθ
Bˆr
+
2
3
nr2eηc
2Jˆθ2Bˆr − ηJˆθ3
(cne)2Bˆr
=
2
3
nr2eηc+
2
3
nr2eηc
ηJˆθ
Bˆr
+
2
3
nr2eηc[2(
vˆie
c
)2 − ηJˆ
θ
Bˆr
(
vˆie
c
)2]
=
2
3
nr2eηc[1 +
ηJˆθ
Bˆr
+ (2(
vˆie
c
)2 − ηJˆ
θ
Bˆr
(
vˆie
c
)2)]
≈ 2
3
nr2eηc
where we assume that the small value of η is small enough, and that the relative velocity of proton and electron in the θ direction,
vˆie, is far less than the speed of light.
Then the radiation reaction force in the azimuthal direction could be written as
FˆφLL ≈ −
2
3
nr2eηJˆ
θBˆr
4. DISCUSSION
We have derived the GRMHD equations of one-fluid by using the two-fluid approximation of plasma made of positively and
negatively charged particles into which the Landau-Lifshitz radiation reaction force is incorporated in curved space, providing
a detailed self-consistent expression of the Landau-Lifshitz radiation reaction force felt by the charged particles in the plasma.
These derived results could apply to two-fluid of the arbitrary mass ratio of a positively charged particle to a negatively charged
particle, like positron-electron or proton-electron plasma. The GRMHDs containing the Landau-Lifshitz radiation reaction force
is a natural generalization of modern GRMHDs and thus could be applied to many physical processes in astrophysics for simu-
lation, like the accretion onto a newly born stellar mass black hole in a gamma-ray burst and the inner accretion region around
neutron star where the motion of plasma is relativistic, the background magnetic field is sufficiently large and the curved space
is obvious. Because of the small value of radiation reaction force compared to the Lorentz force in most of previous studies, the
radiation reaction is not considered to be a major contribution to the dynamics of plasma and thus is usually neglected. When
accounting for the radiation reaction force in curved space by adopting the general relativistic particle-in-cell method, Philippov
et al. (2015a) showed that the current layers become thinner in contrast to that without a radiation reaction in the pulsar mag-
netosphere. Thus, in the extreme astrophysical process, we expect that there may exist some distinctive phenomenon. Let us
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take the accretion around a newly born magnetized black hole in a gamma-ray burst for instance. First we investigate the motion
of a test electron moving around the magnetized black hole in a stable orbit perpendicular to the large magnetic field. We find
that the kinetic energy of the test electron decreases along with motion due to the radiation reaction force. According to the
results in Tursunov et al. (2018), the radiation reaction will make the electron fall into the black hole when the direction of the
Lorentz force is toward the black hole, while when Lorentz force is outward of the black hole, the orbit of the electron could
remain bounded and oscillations are decaying. When considering an accretion disk around such a black hole, we may expect
that the accretion rate of material flowing into the black hole with a radiation reaction is different from that without a radiation
reaction; thus, the radiation reaction force can affect the accretion of charged particles in an accretion disk around the black hole
significantly. Numerical simulation applied to high energy astrophysics with equations derived in this work will be performed in
the future.
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